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Introduction

Hamiltonian formulation of classical mechanics is very useful since it gives
a nice geometric description of time evolution and provides a natural way
to extend a classical theory to quantum theory.

Originally, the Hamiltonian formulation was given only for isolated
systems, and later extended to systems with time-dependent potentials,
but no dissipative forces.

There have been many attempts to introduce dissipation into Hamiltonian

formulation. Here we present one that arises quite naturally as a geometric
generalization of the known cases.
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Non-dissipative time-independent systems

The dynamics of isolated (non-dissipative and time-independent) systems
can be given in terms of a Hamiltonian function defined on a phase space
M. The phase space is 2n-dimensional symplectic manifold with a
symplectic form w (non-closed and non-degenerate (w” # 0)).

Darboux theorem:

For every point of a 2n-dimensional symplectic mani-
fold there exists a neighbourhood on which it is possible
to choose a coordinate system (g1, ..., Gn, P1, .-, Pn) in
which the symplectic form can be expressed as:

w=dp; A dq'.

Since w is closed, we can locally define a canonical 1-form « such that
w = da. In Darboux coordinates it has the form:

a=pjdg".
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For a Hamiltonian function H € C*°(M) we can define a Hamiltonian
vector field Xy € T(TM) as:

tx,w = —dH,
oH 0 oH 0

H™ opiog g op;’

The trajectories of the system are the integral curves of this vector field
which in Darboux coordinates gives the Hamilton equations of motion:

. OH . OH
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q - apl ) pl - 8ql
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Every symplectic manifold is also a Poisson manifold since the Poisson
bivector P € ['(TM A TM) can be defined as:

lp)w = £, VE € F(T*I\/I),

1o} A 0
oq' " Op;

P =

This defines a Poisson bracket of two functions f,g € C*°(M):

{f.g} =P(f.g).

The Jacobi identity of the Poisson bracket translates to the following
property of the Poisson bivector:

[P, Pls = P°0,P*" 8, NDy A Dy = 0.
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Canonical transformations:

Diffeomorphism transformations that leave symplectic
form invariant.

Locally, they look like a change in Darboux coordinates.
Since the symplectic is invariant, a canonical 1-form is
shifted by a closed 1-form:

pidg’ = P;dQ" + dFi(q, @),
OF, _0R

i = =, P,'—— - .
P aql an
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Non-dissipative time-dependent systems

We extend the phase to include time explicitly so that the manifold of
interest is Mg = M x R.

The canonical 1-form is extended into the Poincaré-Cartan 1-form:
n= pidqi - H(qapa t)dtv
dn=w— dH A dt.
Hamiltonian vector fields:
LXE dn =20,
OH 0 oH 0 0
XE = 4
opi0q'  9q' dp; Ot
Canonical transformations:

pidg' — Hdt = P;dQ" — Kdt + dFi(q, Q, 1),
8F1 8F1 aFl
=t Pp=——t K=H+4+ 1.
Pi=5q 90 * ot
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What is the geometrical structure of Mg?

In symplectic case, w was closed and degenerate. Closure
of w directly translates to the closure of dn, which is
trivial.

Non-degeneracy of w (w” # 0) can also be generalized
to:

n A dn" = —Hw" A dt.

The existence of such 1-form makes Mg the so called
contact manifold.
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Example: 1D dissipative system

Consider a particle in 1 dimension in a potential V' and a friction force
proportional to the velocity of a particle. The equation of motion has the
form:

. ov

mg=———myq.

g 9 q
We can rewrite this second-order equation as a system of two first-order
equations in order to get the same form as the Hamilton's equations of
motion:
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Caldirola-Kanai coordinates:
qck =9, pck =¢''p.

Equations of motion:

. CK _

dck = Le Vt,
oV

Pck = — et
0qck

In these new coordinates there exists a Hamiltonian function that
generates these equations of motion:

1, _
H(qck, pck, t) = %PCKe "y V(qCK)e’Yt .
We introduced the change in coordinates that transformed a dissipative
time-independent system into a non-dissipative time-dependent system,
but this transformation was not canonical.
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Dissipative time-independent systems

Let 7 be a (2n + 1)-dimensional contact manifold with a contact form 7.

The generalization of the Darboux theorem for contact manifolds states
that it is locally possible to choose coordinates (q1,-..,Gn, P1,---,Pn,S)
such that the contact form takes the form:

n=dS—pidq’.
The contact form defines an isomorphism g : ['(TM) — ['(T*M):
g(v) = wwdn+ (wmn,
1
g=5nVin—w.
This isomorphism defines the so called Reeb vector field V € ['(TM):
V=g(n)=¢

This is equivalent to the statement that:

tyn=1, 1ydn=0.
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Contact transformations:

The change in coordinates (q,p,S) — (Q,P,S’) that
leave contact form invariant, up to a multiplication func-
tion:

n—fn,
dS' — P;dQ' = f(dS — p;dq’).
Here, S'(q, Q,S) can be used as a generating function:

oS’ oS’ 08

F= g p 2
85 P T og oQ

The special case when f = 1:
S/(q7 st) — S - Fl(qu Q)

corresponds to a canonical transformation.
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Hamiltonian vector field X3, € [(TT) for a contact Hamiltonian function
He C(T):

£XH77:f777 H:_LXHW-
Equivalently, these equations can be rewritten as:
Xu =g HdH+ (F —H)n).

The function f that appears here is not arbitrary, but it turns out to be:

OH
f——LVdH——E.

The Hamiltonian vector field in Darboux coordinates takes the form:
OH 9 _(8?—[ 87—[) 0 ( OH H)&

M= opag  \og TP as)ap T \Pan ) 55
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The trajectories of the system are just integral curves of the Hamiltonian
vector field which gives us the equations of motion:

L OH
y— OO
pPi = aq plasa
: oH
Sipiap,‘_fH'

The time derivative of a general function along a trajectory is then equal

to:
dF _OFOH _OFOM _ OFOH  OFOH ., OF
dt  dq 0p;  0poq  Fap as T Pasap oS
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Instead of the Poisson structure, contact manifolds admit a Jacobi
structure. A Jacobi manifold is a manifold equipped with a Jacobi bivector
7 € [(TT ANTT) and a vector field V € [(TT) such that:

[, 7]s = P70, Ou N Oy N Oy =2V A,

1
[m, V]s = (2 Voo, + 70, V”) Oy N0, =0.

The vector V here is just the Reeb vector field, while the Jacobi bivector
can be defined through:

L) = 0,V¢ € r(T*T) )
La(eydn = =& + (v, ¥§ € T(T™T).

In Darboux coordinates:

_<3+ 3)A
T=\oqg "Pos
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The Hamiltonian vector field can be written in terms of Jacobi bivector
and Reeb vector field:

XH = —W(H,')—HV,

while the time evolution of arbitrary function along a trajectory is
determined by a Jacobi bracket:

dF
a ={F,H}, —HV(F),

where the Jacobi bracket of two functions is defined as:
{f7g}J = ﬂ-(fvg) .

Note that the Jacobi bracket does not satisfy the Jacobi identity. Instead
we have:

1
{{A, 6L}y, B}y +cp. = ) ({f1,f2} 0y dfs +c.p.)
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Separable contact Hamiltonians:

H(q,p,S) = H(q,p) + h(S).

This kind of Hamiltonians give friction forces propor-
tional to velocities.

The function h controls the time evolution of mechanical
energy:

dH _ OHOh
at  Pop; 8S

1-dimensional particle with a friction force proportional to the square of
the velocity:

1
H(q,p,S) = 5

o ( q 2vq’ 8V(q/)
m

2 -2
24 [ VS

dq’
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Dissipative time-dependent systems

We extend the contact phase space T into Teg =7 X R to include time
dependence. We also extend the contact 1-form into:

Ne = ds_ Pldql+H(ana 57 t)dt

Hamiltonian vector field:

Lxene =fne, ixene =0,
0

Xﬁ:XHJrat

Equations of motion have the same form as before, just with addition of
t = 1 which tells us that t can be used as a parameter on the trajectory.

Grgur Simuni¢ (Ruder Bogkovi¢ Institute) November 10, 2020 18 /20



Time-dependent contact transformations:

f(dS — pidg' + Hdt) = dS' — P;dQ' + K dt
dS' dS’ oS’ a8’
f=— fp,’——aiqi, Pi_w’ ,C_f'H_E

Caldirola-Kanai transformation is an example of the time-dependent
contact transformation:

2
H(q,p,S,t) = 2% + V(q) +7S,

(q: P, 57 t) — (CICK =4q,pPck = e’ﬂ-p7 5/ = efYt57 t) )
2
K=e"(H—-~S)= gﬂe_“ + V(qcek)et.
m
The geometric structure of the extended contact phase space:

(dn)™™* # 0 — symplectic manifold
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Conclusions and Outlook

@ Any classical system can be described in terms of the Hamiltonian
formulation.

@ There is a geometric description for the dynamics of any classical
system.

@ While this formulation gives a geometric description for any classical
system, it is still unclear what role does it play in the quantization of
dissipative systems.
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